On the limitations of the complex wave velocity in the instability problem of heterogeneous shear flows  by Gupta, J.R. et al.
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 14, 367-376 (1989) 
On the Limitations of the Complex Wave Velocity in 
the Instability Problem of Heterogeneous Shear Flows 
J. R. GUPTA, R. G. SHANDIL, AND SHARDA D. RANA 
Department of Mathemarics, Himachal Pradesh University, 
Summer Hill, Shimla-171005, India 
Submitted by E. Stanley Lee 
Received January 12, 1988 
It is shown that G. T. Kochar and R. K. Jain’s [J. Fluid Merh. 91 (1979), 
4894911 semi-elliptical region for arresting the complex wave velocity of an 
arbitrary unstable mode in the instability problem of heterogeneous shear flows can 
further be reduced for a class of velocity and density profiles. The class of velocity 
profiles for which U,,, >O (U being the basic velocity profile) or which change 
the sign of their curvature somewhere in the flow domain forms a subclass of this 
class; hence the results derived enlarge the domain of applicability of the results of 
M. B. Banerjee et al. [J. Math. Anal Appl. 130 (1988), 398402; Indian J. Pure Appl. 
Mafh. 18 (1987), 371-3751 and are uniformly valid for homogeneous shear flows 
also, unlike those of R. K. Jain and G. T. Kochar [J. Math. Anal. Appl. 96 (1983), 
26992821. z” 1989 Academic Press, lnc 
1. INTR~DUCTJ~N 
Howard’s [S] elegant mathematical deduction of the result (known as 
Howard’s semi-circle theorem) that the complex wave velocity c(= c, + ic,) 
of an arbitrary unstable (ci > 0) mode in the instability problem of 
heterogeneous shear flows must lie within or on a semi-circle with centre 
((a + b)/2,0) and radius = (b - a)/2 in the upper half of the c,c,-plane, i.e., 
where a = Umin and b = U,,,, has the lacuna that it does not contain any 
parameter that characterizes the density stratification, whereas the physical 
nature of the problem strongly suggests that for an unstable mode, c must 
lie in a region dependent on the density stratification. 
Kochar and Jain [l] remedied this weakness in Howard’s semi-circle 
theorem by appropriately taking into account the density stratification in 
their mathematical analysis and thereby showing that c must lie in a cer- 
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tam semi-ellipse rather than a semi-circle, whose major diameter coincides 
with the diameter of Howard’s semi-circle, while the minor diameter 
depends on stratification, i.e., 
(2) 
where .I, = J,,,( < i) and J is the Richardson number. It is to be noted that 
(2) reduces to (1) in the case of homogeneous shear flows. The semi-ellipti- 
cal region as given by (2) has further been reduced by Jain and Kochar [4] 
for that class of velocity and density profiles wherein either (pII’)’ > 0 or 
(pU’)‘< 0 everywhere in the flow domain, p being the fluid density and 
primes denoting differentiation wrt the vertical coordinate. 
In the context of homogeneous shear flows, Howard’s semi-circle 
theorem (and therefore Kochar and Jain’s semi-ellipse theorem too) has 
the inherent weakness that it does not contain any parameter that charac- 
terizes the curvature of the basic velocity profile which plays an important 
role in this case [68] in deciding the stability or otherwise of the system. 
Further, the results of Jain and Kocher [4] cannot obviously be applied to 
homogeneous shear flows in view of Rayleigh’s [6] famous point of 
inflexion criterion. Banerjee et al. [2, 31 only recently tilled this gap in the 
literature of the problem by appropriately taking into account the con- 
siderations of the curvature of the basic velocity profile in their mathemati- 
cal analysis. However, they have restricted their results to 
(i) Howard’s semi-circle theorem only whereas the same could also 
have been derived for Kochar and Jain’s [ 1 ] semi-ellipse theorem which is 
definitely an improvement over the Howard’s semi-circle theorem for 
heterogeneous shear flows. 
(ii) that class of velocity profiles for which a = U,,, > 0, a severe 
restriction on the basic velocity profile U that will definitely be violated by 
a large variety of simple fluid flows. 
The present paper is written precisely to remedy the weaknesses in the 
results of Banerjee et al. and thereby enlarge the domain of their 
applicability. It is shown that Kochar and Jain’s semi-elliptical region for 
arresting the complex wave velocity of an arbitrary unstable mode in the 
instability problem of heterogeneous shear flows can further be reduced for 
a class of density and velocity profiles. The class of velocity profiles for 
which a = U,,, > 0 or which change the sign of their curvature somewhere 
in the flow domain forms a subclass of this class; hence, the results derived 
enlarge the domain of applicability of the results of Banerjee et al. and are 
uniformly valid for homogeneous shear flows also unlike those of Jain and 
Kochar. 
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2. BASIC EIGENVALUE PROBLEM AND 
THE BOUNDARY CONDITIONS 
The basic eigenvalue problem and the boundary conditions governing 
unstable modes in the instability problem of heterogeneous shear flows are 
given by [S] 
[p(U-c)G’]‘- ~(~C’.)‘+~‘~(C’-C)+~‘C;~~~)~~‘]G=O (3) 
and 
G=G(y)=O at y=y, andy=y,, (4) 
where p = p( y) is the density, U = U(y) is the basic velocity profile, 
/I = -p’/p, Vy E [y,, y2], k is the wavenumber, c = c,+ ic, (ci> 0) is the 
complex wave velocity, and primes denote differentiation wrt the vertical 
coordinate y. 
3. MATHEMATICAL ANALYSIS 
THEOREM 1. If(c, G), c = c, + icj, ci > 0, is a solution ofEqs. (3)-(4) and 
L 2Pmin(b-a) 7T2 ,. d(Y)= WV+ (y2-y,)2 I > VY E CYl, YZI? 
then 
(5) 
where 
A= max 
1 
2~(W4 - m 
CYI.YZI 1 4(Y) 
Proof. Multiplying (3) by G* (the complex conjugate of G), integrating 
over the range of y by parts once, and using the boundary conditions (4), 
we have 
s y2~(U_~)[IG112+k21G~2] dy YI 
+fi'?(p~~)~,G,2dy+~-"2P(D;'~~~~g~' lGl’dy=O. 
Y I .Y I
(6) 
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Equating the real and imaginary parts of (6) to zero and cancelling c, 
(> 0), we have 
s 
?‘2 
p(U-c,)[IG’12+k2/G121 41 
?I 
and 
Multiplying (8) by 2(6-a) and adding the resulting equation to (7), we 
have 
j12p(U-~r+2(b-u)][~G’~2+k21G~2] dy+;j;* (pU’)’ lGj2dy 
1’1 .I I 
= 
s 
‘:“‘“-c~7~(~Tpr~~‘2/4-pB) (G,2dy=0. (9) 
Yi r I 
Since a < c, < b (Miles [9]), it follows that 
[U-c,+2(b-a)],j,=(b-a)>0 
and 
[U-c,-2(b-a)],,,= -(b-a)<O, 
(10) 
where minimum and maximum values are taken over the flow domain 
CYY Yd 
Equation (9), upon using (10) and the Rayleigh-Ritz inequality 
(Schultz [ lo] ), namely, 
s 
‘* lG’12dy2 (y “, )* l-‘* lG12 dy (sinceG(y,)=O=G(y,)), (11) 
Yl 2 1 YI  
gives 
s 
y2~(y)cf+2P(~‘2/4-g~)C~-c,-2(b-a)l ,G,zdy<O, t12J 
Yl (U-cy+c; 
where 
2Pmin(b - U)X’ wJ’)‘+ (y2-y,)2 1 . (13) 
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Under the conditions of the theorem, (12) clearly 
cf63,[c,--(3~2b)], 
where 
implies that 
I= max 
i 
2~ ~‘214 - ga) 
CYI. Y21 I b(v) . 
This completes the proof of the theorem. 
The essential content of Theorem 1 is that the complex wave velocity of 
an arbitrary unstable mode in the instability problem of heterogeneous 
shear flows lies within or on a parabola with vertex at the point 
(3a - 26,O) and latus rectum A provided 4(y) >O everywhere inside the 
flow domain. Further, for homogeneous shear flows, it follows from 
Theorem 1 that if 
then 
where 
c; < j[c, - (3~ - 2b)], (15) 
I= max 
ur2 
CYI.Y21 i I rn’ 
THEOREM 2. Under the conditions of Theorem 1, if 
A < cr(b - a), 
then the parabola 
c;=A[c,-(3a-2b)] 
intersects Kochar and Jain’s semi-ellipse 
where 
a=(5-2$) 
2 
[l + (1 -4J,,)1’2]. 
(16) 
(17) 
(18) 
(19) 
(20) 
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Proof: It is easily seen that the parabola (18) touches Kochar and 
Jain’s semi-ellipse ( 19) if 
- 
3.=i =W&) 
c 2 
[l $(l ~45,,)‘q(h~.). 
The value of ,I, given by (21) with positive sign is rejected as it leads to 
which violates 
Therefore, 
a < c, c h. 
2, = a(b - a), 
where CY is as given in (20). Hence, if 
2 < cr(b - a), 
then the parabola (18) certainly intersects Kochar and Jain’s semi-ellipse 
(19). This completes the proof of the theorem. 
For homogeneous shear flows, it follows from Theorem 2 that if 
I< (5 - 2JZ)(b - a), (22) 
then the parabola 
cf = A[c, - (3a - 2h)], (23) 
certainly intersects Howard’s semi-circle 
(24) 
THEOREM 3. If (c, G), c = c, + ic,, ci > 0, is a solution of Eqs. (3)-(4) and 
ICl(r)= (pU.)‘-2pf~Ja)!=2] <o, 
[ be CYl2 Y213 2 1 
then 
cf<E,*[(36--2a)-c,], (25) 
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A*= max w?4- gb) 
CY1.121 I W(Y)1 . 
Proof Multiplying (8) by 2(a - b), adding the resulting equation to (7), 
and proceeding as in Theorem 1, we get the result. The essential content of 
Theorem 3 is similar to that of Theorem 1. Further, for homogeneous shear 
flows, it follows from Theorem 3 that if 
then 
where 
cfd*[(3b-2a)-c,], 
u2 
I*= max ~ 
CYI. YZI { I nh)l . 
THEOREM 4. Under the conditions of Theorem 3, if 
/I* < a(b - a), 
then the parabola 
cf=I*[(3b-2a)-c,] 
intersects Kochar and Jain’s semi-ellipse (19), where a is as in (20). 
Proof Follows by proceeding as in Theorem 2. 
For homogeneous shear flows it follows from Theorem 4 that if 
A* < (5 - 2$)(b - a), 
then the parabola 
cf = 1*[(3b - 2a) - c,], 
certainly intersects Howard’s semi-circle (24). 
(26) 
(27) 
(28) 
(29) 
(30) 
(31) 
(32) 
It follows from Theorem 1 or 3 that a necessary condition for instability 
is that J= g/I/U” -C f somewhere inside the flow domain [9]. Further, 
Theorems 14 in conjunction with Kochar and Jain’s semi-ellipse clearly 
show that if either 
d(v)>0 or \I/(Y)<O, VY E CYlY Y21, (33) 
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then under conditions (17) or (29), Kochar and Jain’s semi-ellipse bound 
for heterogeneous shear flows can further be reduced. Similarly, for 
homogeneous shear flows results corresponding to Theorem l-4 in con- 
junction with Howard’s semi-circle show that if either 
d(y)>0 or $(Y) < 0, YYE [VI> J-21? (34) 
then under conditions (22) or (31), Howards’s semi-circle bound can 
further be reduced. We note that these reductions hold without any condi- 
tion on a = Umin as in Banerjee et al. [2, 31. 
4. SOME ILLUSTRATIVE EXAMPLES 
(1) Consider the configuration 
y1= -p, y*=;, 
UOY’ 
u(Y)=73 p(y) = p e-‘ld 0 9 (35) 
where Uo, pO, and d are real constants having the dimensions of velocity, 
density, and length, respectively, and “d” is the distance between the walls. 
For the above configuration, it is easily seen that 
a = 0, Pminzpo> 
A 
2Po uo 
(pU')"= 7 e -v,cf 
so that 
and 
i,~(5-2$) u. 1 
c 4 {i+(;-Jo)‘-2]. 
Therefore, for those values of Jo < $ for which 
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we shall definitely have a reduction of Kochar and Jain’s semi-ellipse. Such 
values of JO after a little computation can be easily seen to be given by 
.20 < Jo < .25. 
(2) Consider the following configuration 
y, = -;, y,=;> U(y)=? Y, P(Y)=Poe-y’d, (36) 
where Uo, po, and d are as in example 1. For the above configuration, it 
is easily seen that 
and 
(p(i’)’ = _ !k$? e-yld, 
so that 
lj(y)= - 
i 
yw”+2n~~}40, 
2u, 1 
d*=(l+2n2) i-Jo ’ ( ) 
and 
A,* = .OSU,[$+ (a- Jo)“‘]. 
Therefore, for those values of Jo < a for which 
we shall definitely have a reduction of Kochar and Jain’s semi-ellipse. Such 
values of JO after a little computation can be easily seen to be given by 
.17 <Jo < .25. 
We note that none of the above two simple fluid flow configurations fall 
within the domain of applicability of the results of Banerjee et al. [2, 31. 
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